UNIT-IV
Connected Spaces
Defn:

Let X be a topological space . A seperation of X is a pair U, V of disjoint non-empty open
subsets of X whose union is X.

Defn:
The space X is said to be connected if there does not exist a separation of X.
Lemma: 23.1

If Y is a subspace of X, a separation of Y is a pair of disjoint non-empty sets A & B, whose
union is Y, neither of which contains a limit point of the other. The space Y is connected if there
exists no separation of Y.

Proof:
Let A & B form a separation of Y.
Then A is both open & closed in Y.
Since A is closed in Y, A=4 NY where A is the closure of A in X.
Now, ANB = (AnY)NB
=An(YNB)
ANB=0
Since A contains all the limit points of A, we see that B contains no limit points of A.
Similarly, we can prove that A contains no limit points of B.
For, B is closed in Y, B = B NY where B is the closure of B in X.
AN B=ANn(B nY)
=(ANY)N B
—ANnB
=ANB=0
~ B contains all the limit points of B.
We see that A contains no limit points of B.

Conversely,
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Suppose A & B are non-empty disjoint sets whose union is Y, neither of which contains a limit
points of the other.
Then ANB=0 & AnNB=0

Now, A nY = AN(AUB)

=(AnA)U(ANB)
=AUD
AnY=A [+ AcA = AnA =A]
~Aisclosedin Y.

Similarly, BnY = B n(AUB)
=(B nA)U(B nB)
BnY=B [+ A# 0, B0, Y=AUB and ANB = @]
AlsoA=Y-B & B=Y-A
A & Bareopenin Y.
A & B form a separation of Y.
Lemma: 23.2

If these sets C and D form a separation of X, and if Y is a connected subspace of X then Y
lies entirely within either C or D.

Proof:
Let the sets D and C form a separation of X.
Since C and D are both open in X.
CNY and DNY are both openin Y.
Also, they are disjoint and their union is Y.
Since, (CNY)U(DNY) = (CUD)NY
=XnY
=Y
(CNY)N(DNY) = (CND)NY
=@gnyY
=0
If both of them non empty, they form a separation of Y.

Since Y is connected, either CNY =0 or DNY=0
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If CNY =@, then YCD
If DNY =@, then YcC
Hence YcC or YCD
Theorem: 23.3

The union of a collection of connected subspaces of X that have a point in common is
connected.

Proof:
Let Aa be a collection of connected subspaces of a space X.
Let Y = UAa

Let they have a point in common.
~PENAa (say)

~ P € Aa, for each «
Claim: Y is connected.
Suppose Y is not connected.
Then Y = CUD, form a separation of Y.
C=0, D=0. CND=0
Now, P€ Y=CUD
~PeC (or)PED
Assume that PE C
Since each Aa is a connected subset of Y, either Aa ©€C (or) Aa €D (* by lemma 23.2)
Since P € C, Aa can not lie in D.
Hence Aa cC, for each a.
“UAacC
ie) YcC
AlwaysCcY
~Y=C
~D=0

Whichisa=< D=0
~ Y =U Aa is connected.
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Theorem: 23.4
Let A be a connected subspace of X. If ACBCA then B is also connected.

Proof’:
Let A be a connected subspace of X and Let ACBCA
To Prove: B is connected.
Suppose B is not connected.
Then B = CUD is a seperation of B.
ie) (CUD=B,C#0,D# 0,CnD=0)
Since A is a connected subspace of B, ACC or ACD [+ by lemma:23.2]
Suppose AcC
~AcC
~BcdcC
Since CND =9 andCND =9 (= by lemma 23.1)
Since C ND =@, we have AnND=0 (~Ac ()
~BND =0 (vBcA)
Hence BcC
~D=¢
Which is a = <= to our assumption.
Hence B is connected.
Theorem: 23.5

The image of a connected space under a continuous map is connected. (or) continuous
image of a connected space is connected. (or) P.T connectedness is a topological property.

Proof:

Let X, Y be a topological spaces.
Let f : X—Y be continuous map.
Suppose X is connected.
T.P f(X) is connected.

Take Z=f(X) and consider the subspace topology in Z.
consider the restricted map g:X—Z by g(x)=f(x) for every x€X.
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Then g is a Surjective continuous map. [~ fis a restricted by the range]
Suppose Z is not connected.

Then Z = CU D is a separation of Z, where C & D are non-empty disjoint open subset in Z.
Now, Z=f(X)

X=f'(2)

=g'(Z)=g'(CuD)
X=g'(Cug'(D)

Since g:X—Z is continuous and C, D are open in Z.
Then g '(C) & g'(D) are openin X. [~ fis continuous iff inverse image of the open setis open|
g'C)ng'@) =0 [+ g'(C)ng'(D)=g"(CND)=g (@) =0]

Since g"(C) & g'(D) form a separation of X, X is not connected.
== to X is connected.

Hence Z = f(X) is connected.
~ continuous image of a connected space is connected.
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Theorem: 23.6
A finite Cartesian product of connected space is connected.
Proof:

First we prove the theorem for the product of two connected
space X and Y.

Claim: XxY is connected.

Choose a base point axb(XxY).

Consider the horizontal slice Xxb being homeomorphic to X.
. The horizontal slice Xxb is connected.

Consider the vertical slice xxY being homeomorphic to Y.
".The vertical slice xxY is connected.

As a result each T shaped space T.=(Xxb) u (xxY) is connected.(It is the
union of two connected space that have a common point namely

Xxb)
Now,
XxY=tx€ XT,
~.ix € XT _js connected since they have a common point axb.
-~ XXY is connected.
Next we shall prove that X,xXx.........xX, is connected ,i=1,2,3.....n

Now we prove the result by induction method when n=2,the result is
already proved.

Let us assume that the result is true for n-1.
i.e X\ xX,xX;x,...... X, is connected.
Since (XxX,x........X,-1) xX, is homeomorphic to (X:xX,x........ X.-1).

S X XX X, is connected.
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Section: 26
Compact spaces
Definition
A collection A of subsets of a space X is said to cover X, or to be a

covering of X, if the union of the elements of A is equal to X. It is
called an open covering of X if its elements are open subsets of X.

Definition
A space X is said to be compact if every open covering A of X
contains a finite subcollection that also covers X.

Lemma: 26.1

Let Y be a subspace of X. Then Y is compact iff every covering of Y
by sets open in X contains a finite subcollection covering Y.

Proof:
Suppose Y is compact.
Let A={A.l.., be an open covering for Y by sets open in X.
Since A. is open X for each, A."Y isopenin .
Then {A.n Y., is open covering for Y by sets openin Y.

Since Y is compact, this open cover has a finite subcoverA.,nY, A,,nY

Then the corresponding elementsA..»A...----.A,of A covers Y.
Conversely,

Assume the condition
Claim: Y is compact.

Let {A.l.c, be an open covering of Y by sets open in Y.
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Now, A.'=A.nY 'where A, is open in X.

Now, {A.} is a open cover for Y by sets open in X.

By our assumption,

This open cover has a finite subcover A,,.A....-.-A,. (say)

Then the corresponding elementsA.;,A.........A .. is a finite subsets for
Y

Hence Y is compact.

Theorem: 26.2
Every closed subspace of a compact space is compact.
Proof:

Let Y be a closed subspace of a compact space X.
Claim: Y is compact.
Let A be an open covering for Y by sets open in X.
Since Y is closed, X-Y is open in X.

~{AU{X-Y}} is a open cover for X.

Since X is compact this open cover has a finite subcover.

If this finite subcollection contains the set {X-Y} discard {X-Y},
otherwise leave the subcollection alone.

{An U (X=Y)]u[A,U(X=Y)]u... uU[A,(X-Y)]
LAy, Agzyee i Ag) U (X—Y)
The resulting collection is a finite subcollection of A that covers Y.

.Y is compact.

Theorem: 26.3
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Every compact subspace of a Hausdorff space is closed.
Proof:
Let X be a hausdorff space and let Y be a compact subspace of X.
i.e. To prove : X-Y is open.
Let xo€ X-Y
i.e. Xo€ X Xo€Y
for each ye Y xq7y.

Since X is a Hausdorff space, then there exists neighbourhood U,and
V, of X, and y respectively such that U,nV,=@ _........ (1).

Let {V,/yeY} be an open covering for Y.

Since Y is compact, there exist a finite subcover V,;,V,,,......V,, whose
union covers Y.

Let V=V,;UV,,U......UV,,.
Let U,;,U,s,.......U,, be the corresponding neighbourhood of x.
Let U=U,;nUysn......0 Uy
Then U is an neighbourhood of xo.
Also V is an open set inY.
Claim: UnV=2
Suppose UnV= @,
Choose ze UnV.

~zeUand zeV.

Now, ze U=z€e U  for all j=1,2,....n

zeV=z€V  for some j.

sz E U_‘,‘.nV”
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U, nV,#@ which is a contradiction to (1).

S V=2,
S UcX-Y,
- X—Yis open.

Hence Y is closed.
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THEOREM:26.5
The mmage of a compact space under a continuous map is compact.
Proof :

Let f: X — Y be contmuous.

Let X be compact
Clam ; {(X) is compact.

Let A be an open covermz of f{iX) by sets open m Y.
Since f i3 comtinuous, { £ (A)VA€4A ) 13 anopen cover for X

Smce X i3 compact , this open cover has a fimite subcover f'( A,) f '(A:) ... £(A.) (say)
that covers X

Then the sets A, A:, . A, covers f(X).
~f(X) is compact.
THEOREM : 26.6
Let £: X —Y be a bijective comtinuous fumction . If X is compact and Y is Hausdorff, then
f 1s a homeomorphusm
Proof :
Let {: X —Y be a bjective contimuous function
TP:f s a homeomorphism .
It 11 enough to prove that {' is comtinuous .
1e) to prove that if A is closed in X ,then f'(A)=f(A) is closed m Y.
Let A beclosed m X, X 15 compact (given) , A 13 compact m X
Since f is continuous, f(A) is compact n Y.
Smce Y 15 hausdorff f(A) is closed m Y.
<~ f' = continuous
Hence f is a homeomorphism
LEMMA : 268
The tube lemma

——
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Consider the product space Xx Y where Y is compact If N is an open set of N*Y
containmng the shice xyxy of X * Y then N contains some tube W x Y about x,*y, where
wis anbd of xu m X.
Proof:
First let us cover x.*y by basis element UxV lying m N.
Since x.*y is homeomorphic to Y and Y is compact
%X *y 13 compact.
We can cover x.x y by finitely many bamis element (say) U, xV, U, xV,, U, xV,
La W=UnU:.n._nU.
Then Wiz a nbd of x,.
We claim the basis element U x V, [i=12 _..n which covers x, *y also covers WxY
Let xxy eWxY
Consider the pomt x.*y of the shice x,*y having the same y coordinate that of x x y.
Now,x.xy €UxV, for some 1
SyEV and x€U, v
~xxyeU xV, for some 1
sx xy €(UixV)u...uu.xV,)
2WxYe(UxV,)u__u(U,xV,)
Since each U x Vi hes m N_ (UxV,)u(U:*V:)u .. U (Us> V) contamed m N.
AWxY coptamed n N
THEOREM ; 26.7
The product of finitely many compact spaces is compact.
Proof :
We shall prove that the product of two compact spaces is compact.
Then the thm follows by mduction for any fimste product.
STEP:1
State and prove tube lemma
STEP:2
Let X and Y be two compact spaces.
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CLAIM: X — Y is compact.

Let A be an open covermg for X » Y.
Choose any x. €EX and fix 1t.

Conuder x.xy

Since x, *y 13 compact, there are finitely many memben (say) A., A:, ... Ax which
cCover X. XYy

Now define N= A, U ... _UA.

Then N 5 an open set coptamung the shice x.*y , there exist a neighbowhood W of x,
such thst WxYcN

~ For each x&€ X, we can choose 3 peighbowhood W, of x such that W, xY can be
covered by finitely many elements of A

Consider the collection (W./x€X) be an open covermg of X.
Smce X is compact, there exusts a fimte subcollecion W, W, .. W, cover X
“X=U W,
Now X>* Y =(WxY)u . u(W,.=Y)
nod has fimite subcollechon that covers X = Y.

Hence X > Y is compact.
STEP:3

We prove that fimte product of compact spaces is compact

We have to prove the result by mducthon on n

By step2; The result i3 trus for n=2
Assume that the remlt 5 true for n
We have to prove the result for o+ 1 (X, *Xo> ___Xo) *Xu: 13 compact
 The result is true for o+l
Thus the fimte product of compact space is compact
Defn :

A collection G of subsets of X is sad to have the finite intersection property if
for every finte subcollection {C. C. ..._C.) of G ,the mtersection Cn C:Nn....NC, 1
non- empty.

THEOREM:26 .9
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Let X be a topological space Then X is compact iff for every collection § of closed
sets m X having the fimte mtersection property. The intersection c € § of zll the elements of
G 15 non- empty.

Proof :

Given a collection A of subsets of X.
Let (=({X-A/AEA) be the collection of thew complements .
m.ﬂulodh:ﬁmcfopenmtﬁ[ﬂislcdhmdcmm.
Claim : 1

The collection A covers X ff the imtersection ¢, c € § of all the elements of § is
empty .

For, A covers X = UsEA =X
= (ULEA A) =Xc
N EG A'=0
= Nnceg C=0
Claim : 2

The finte subcollection { A A.,. ...  AJ)of A covers X = the intersection of the
corresponding elements C, =X - A, of § is empty.

For, (AL A, ,A,) cover: X = U, "A =X
(U A)=X“=2n."A =0
= n-"Ci=0
Suppese X is compact
Let G be a collection of closed sets havng finite mtersection property.
Claim : NceG=0
On the contrary
Suppose Nc€Ef§ C=0
The collection A =(X-C/c€G ) is an open covering of X.
Since X 15 compact, there is a finite subcollection { A, A:, .. A,) of A also covers X
Then C,nCn_..C.=0
“neGg C=9

Which is a contradiction to G has the finite mtersection property.
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“neg C=0
Conversely,

Suppose NEG C= O for every collection § of closed sets having finite

TP: X 1= compact
Let A be an open covermg of X
C={X-A/AcA) is the collection of closed sets st Neg C=0
Then G cannot have the finite intersection property.
By claim 2, (A Ay, ... AJ) covenns XL
Thus every open covermg X contamns a fimte subcollection that also covers X
Hence X 15 compact
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